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Abstract 

The classical and quantum solutions of a nonlinear model describing harmonic 
oscillators on the sphere and the hyperbolic plane, derived in polar coordinates in 
a recent paper [Phys. Lett. A 379 (2015) 1589], are extended by the inclusion of an 
isotonic term. 
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In a recent paper [T], we presented a simple derivation in polar coordinates of the 
classical solntions of a nonlinear model describing harmonic oscillators on the sphere and 
the hyperbolic plane, previously derived in cartesian coordinates |2], and we identihed the 
nature of the classical orthogonal polynomials entering the bound-state radial wavefunctions 
of the corresponding quantum model [3]. One of the interests of such a model is that it 
provides a two-dimensional generalization of the classical nonlinear oscillator introduced by 
Mathews and Lakshmanan as a one-dimensional analogue of some quantum held theoretical 
models mis]. 

The purpose of the present addendum is to show that with some small changes both 
the classical and quantum results of pQ can be adapted to deal with a two-dimensional 
extension of a recent study of a nonlinear oscillator with an isotonic term performed in one 
dimension [6]. 

In polar coordinates r, (p, the Lagrangian of the classical harmonic oscillator with an 
isotonic term reads 
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where a and k are some real, positive constants, J = r'^ip denotes the angular momentum, 
which is a constant of the motion, and the nonlinearity parameter A is related to the 
curvature k by X = —k, with k > 0 for a sphere and k < 0 for a hyperbolic plane. 

The solutions of the Euler-Lagrange equations corresponding to ([T]) are obtained by 
successively integrating the differential equation 
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inverting the resulting solutions t = t{r‘^) to yield = r^(t), and hnally integrating the 
differential equation Lp = J/r‘^{t). In ([2]), C denotes some integration constant, which, as 
before, can be related to the energy through 
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On the other hand, the energy can be written as 
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where the isotonic term k/{2r‘^) gives an additional contribution to the effective poten¬ 
tial V'efr(r). Due to this, the latter always goes to -foo for r —)■ 0, so that there is no 
need to distinguish between J = 0 and J 7^ 0 as in pQ (except for the integration of 
the angular differential equation). Moreover, the effective potential, which still goes to 
a^/(2A) for r 00 if A > 0 or to -|-oo for r 1/a/IaI if A < 0, has now a minimum 
Kff,min = IV+ k [2a - X^/J^~+~k) at = [V+ k/ [a - XVJ'^ + k)] e (0, + 00 ) 
or ^0,1/(according to which case applies). For A > 0, such a minimum only exists 
for J values such that V+ k < a/X, which implies that k must be such that k < o?j}?. 
This shows that bounded trajectories are then limited to low angular momentum values 
and weak isotonic term. 

For A > 0 and < E < a^/(2A) or A < 0, the complete solution is given by 

V = A sin(2a;t + (p) + B, B — A<V<B + A^ 
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and describes bounded trajectories. 

For A > 0 and a^/(2A) < E < -|-oo, the trajectories are unbounded and characterized 
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by 


r‘^ = A cosh(2a;t + 0) + 5, A + B <r^ < +oo, 
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Finally, for A > 0 and E = a‘^/{2A), we get a limiting nnbonnded trajectory, specified 


by 


= {At + (j)Y + -B, B <r^ < +C)0, 
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cp = K if J = 0. 

Tnrning now ourselves to the corresponding quantum problem, we note that the 
Schrodinger equation of [1] becomes 
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where h = 1 and = f3{f3 + A) as before. After separating the variables r and (p by setting 
\['(r, p) = where m may be any positive or negative integer or zero, we get 

the radial equation 

r2(l + Ar^)R" + r(l + 2Ar^)R' + f + 2Er^ - ^2^ ^ 
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where fR = m? + k and p is dehned as the positive square root y/m? + k. 

The solutions of Eq. (|9]) are given by 

RnrA'r) « (1 + + 2XP), 

( X \ (10) 

E„ = (n + 1) I --n + 0 j , n = 2nr + /i. 
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where Ur = 0, 1, 2 ,..., but the values taken by n are not necessarily integer anymore. 
Normalizable radial wavefunctions with respect to the measure (1 + on the 

interval (0, +cxd) if A > 0 or (0,1/VW) if A < 0 correspond to all possible values of and 
m in the latter case, but are restricted by the condition n < ^ | in the former. 
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